Abstract. In this paper, we show that the determinant of a matrix with entries in a commutative ring can be recursively computed by use of an associated directed graph whose circuits are assigned weights in the ring. This result provides an efficient means of calculating the determinants of sparse matrices. As an application, we compute the determinants of the Cartan matrices associated to the simple complex Lie algebras.
Let M = (m¡j) be an « X « matrix with entries in a commutative ring A with identity element 1 different from 0. Define the associated graph of M to be the directed graph T with n vertices (numbered from 1 to n) which has a directed edge (i,j) from vertex i to vertex j precisely when mtj # 0 (/' =f is allowed). A circuit of length k (1 < k < n) in T is a /c-cycle2 y = [«"..., ik] such that (ir, ir+,) (for 1 < r < k) and (ik, i,) are directed edges of T. where the sum ranges over all permutations a of (1, 2, . . ., n). Without affecting the result, we can restrict the sum to those a for which
where k is the smallest positive integer such that ak(\) = 1. In terms of the associated graph T, this restricts the sum to the permutations a for which the k-cycle [1, a(l), . . . , ak~x(l)] is a circuit of T with nonzero weight. Summing over all a corresponding to a single circuit y with w(y) =£ 0 yields the partial 
It is helpful to notice that a labelled graph Y with connected components , T, has determinant r"r2, |r|«|r1|-|r2|--.|r(|.
(The vertices of T can be renumbered so that T is associated to a matrix M whose nonzero entries all belong to square submatrices Mx, . . . , M, along the diagonal. These matrices are associated to Tx, . . . , T" so |r| = \M\ = \MX\ \m,\ = ir, |r,|.)
To simplify our graphs, we make some conventions. Rather than represent circuits of length 1 by directed edges of the form (i, i), we write w" next to the vertex /', even when m" = 0. When necessary, we also label each vertex / with the underlined number /. To each simple complex Lie algebra is associated a Cartan matrix M = (maB) whose entries are rational integers. The associated directed labelled graph is closely related to the so-called Dynkin diagram (see [1] , [3] , [4] , [5] ) and one easily verifies that these graphs are as follows:
An ( For Bn and Cn we get bc" = 2a"_x -2an_2 = 2« -2(n -1) = 2.
For Dn, dn = 2an_x -an_3-ax -In -2(n -2) = 4.
The remaining values are easily calculated to be ! a » 8i « 1 and en = 2an-1 -a2 ■ an-4 = 2» -3(» -3) -9 -H.
